A study was made of data obtained over an 18-month period (July 1961 to December 1962 on the comparison of atomic frequency standards located in seven laboratories in the United States, Europe, and Canada, using the VLF signals of GBR (16 kc/s), Rugby, England, and NBA (18kc/s), Balboa, Canal Zone. Each laboratory observes the accumulated difference in phase over a 24-hr period (the same for all laboratories, or nearly so) between its own standard (either laboratory or commercially constructed) and the received VLF signal. A statistical analysis was designed to separate the observations at each laboratory into three components: (a) long-term mean differences among the atomic standards; (b) estimates of the standard deviations, &, at each receiving station; and (c) estimates of the transmitter standard deviations, P. Each 2i includes receiver fluctuations, propagation effects perculiar to the path, and measurement uncertainties; 3 includes the transmitter fluctuations and propagation effects common to all paths.
Introduction
T h e agreement between atomic frequency standards of varied construction in many laboratories distributed widely over the world is noteworthy. This agreement establishes confidence in such atomic devices as standards of time and provides a basis for defining an atomic second [NBS, 19641. This present paper tests the agreement between atomic frequency standards through the medium of VLF radio signals and derives measures of their individual precisions.
The atomic frequency standards of seven laboratories located in the United States, Europe, and Canada were compared by means of a fairly complete statistical analysis of data gathered and exchanged over an 18-month period, July 1961 through December 1962.
Each laboratory operates one or more atomic standards, which may be either laboratory designed and constructed or commercially constructed, and makes daily measurements of the received phase of stabilized VLF signals from stations GBR and NBA. Each then reports the deviations of the frequencies of the received signals from nominal (i.e., the rated frequency as defined by its own atomic standard). The reported values are 24-hr averages centered at about the same value of UT.
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The summary statistics of these papers have been primarily mean differences and standard deviations of differences. In addition, Mitchell analyzed data from pairs of laboratories to separate out standard deviations associated with each laboratory and with the transmitter. The present paper provides an analysis similar to Mitchell's applicable to any number of laboratories simultaneously.
Stabilized Very-Low-Frequency
Transmissions Used
The stabilized VLF transmissions of GBR (16 kc/s), Rugby, England, and NBA (18 kc/s), Balboa, Panama Canal Zone, were used by all the laboratories concerned to obtain. the comparison data. The VLF transmitters are directly controlled by oscillators, which require regular periodic calibration and adjustment, and give transmitted stabilities (standard deviations of fractional frequency) of the order of 1 or 2 parts in 1O'O. The transmitted carrier frequencies are held as constant as possible with reference to an atomic standard but are offset in frequency so that the transmitted time pulses may be kept in closer agreement with the UT-2 scale. The amount of fractional frequency offset is determined in advance for each year by the Bureau International d l'Heure, Paris, France, through cooperative efforts of several astronomical observatories throughout the world, and is based on the assumed value of the cesium resonance of 9,192,631,770 c/s. *Standard deviation is often but not alwiym specified.
The term "stability" was used. 80 that this result perhaps should be in the "precision" column.
.
About 10 per cent more days of data were used in the present analyeis than was reported in the FM monthly reports. One prevalent VLF measuring system employs a phase-lock receiver such as shown in the simplified diagram of figure 2 [Morgan and Andrews, 19611 . In such a system the servodriven phase-shifter continuously phase locks a synthesized signal from the local standard to the received VLF signal. A linear potentiometer, connected to a constant direct voltage, generates the voltage analog of the phase-shifter position. The sensitivity of the voltage analog recorder is determined by the gear ratio between the potentiometer shaft and the phase-shifter shaft. The overall frequency bandwidth of a typical phase-lock servosystem is in the range of 0.01 to 0.001 c/s. The maximum fractional frequency difference between an incoming signal and the local standard that may be tracked is usually near 5 parts i n los (or a change of about 3 psec per minute).
The measuring system of figure 2 (located at NBS) NBS during the daytime was found to be several tenths of a psecond for a series of 20-min measurements taken over a 7-hr period.) The error of observing the accumulated phase at each laboratory has not been completely evaluated; any measurement system, however, introduces measurement error. The measuring system may also introduce a smoothing or averaging effect, especially if it produces a continuous record. Such smoothing may reduce fluctuations of interest, from frequency standards and propagation in the present case, as well as measurement error. Fluctuations of periods as short as 5 min are visible on the NBS records; this implies that the averaging time of the system is of the order of 2 min or less. Consequently, only a negligible proportion of' the accumulated phase difference over 24 hr could be averaged out.
The phase records from the system of figure 2 are read to the nearest psec. (They could be read more closely, but the improvement might be marginal relative to the other errors.) The resulting maximum reading error of 0.5 psec corresponds to 6 parts in lo1* over a 24-hr period. Taking account of the two independent readings, initial and final, needed to produce the 24-hr increment in phase and assuming a uniform distribution of errors up to the maximum, leads to the figure of 0.05 parts in 1Olo for the standard deviation of the fractional frequency due to reading error. This is a contribution to the estimated standard deviation &i of the local atomic standard defined in section 4 and evaluated in figures 5 and 6, but it is an order of magnitude less than the total. There may be appreciable measurement error beyond the reading error.
No attempt has been made to survey the measurement errors of the laboratories other than NBS.
The reported frequency values, obtained from phase measurements at each laboratory, represent 24-hr averages centered at the same value of UT, 0300 UT, except for one set of values-those reported by NBS for NBA transmissions. These were centered at 0600 UT to avoid diurnal side effects during the winter sunrise periods.
Methods of Statistical Analysis
The purpose of the statistical analysis is to attempt to separate the relative observations at each laboratory into components associated with: (a) the long-term mean differences between the atomic standards; (b) effects of the fluctuations of the receiving system, propagation effects peculiar to the particular radio path, and measurement errors; and (c) fluctuations of the transmitter signals and propagation effects common to all the radio paths.
The daily values of fractional frequency differences were placed into a matrix with the columns representing laboratories and the rows representing days. Each matrix contained one quarter of a year of data, so that there were six matrices included in the 18-month period of study. Each matrix is regarded in the analysis as a sample of observations from an infinite ensemble or population of daily values from the given laboratories. The method required that no data be missing in any cell of the matrix; therefore, when any laboratory omitted a daily value, the complete row of data for all laboratories was discarded. This admittedly reduced the amount of usable data, but the average number of days remaining per quarter, about 40, is believed to be sufficient.
The analysis of the relative frequency observations at several receiving laboratories into components associated with each laboratory standard and the transmitter can be accomplished in several ways, of which a relatively simple one will be described. The expectation of a random variable, or average over a population, will be denoted by E[ 1 . This and other statistical concepts may be found in books such as that by Cram& [ 19461. Let k be the number of receiving laboratories and n the number of days that observations are made by each laboratory. Let xij be the observed fractional difference in frequency of received and local standard signals, in parts in lolo, at the ith receiving laboratory on the jth day ( i = l , 2, . . ., k; j = 1 , 2, . . ., n).
The observations xij include (1) any systematic differences between the ith local standard and the oscillator used by the transmitter; (2) fluctuations associated only with the ith standard; (3) fluctuations associated only with the transmitter oscillator, and (4) The systematic mean frequency difference /.Li is easily estimated by the sample mean at the ith receiver, where the circumflex accent denotes "estimate of." It is known that pi is a best estimate in the sense that it is an unbiased estimate of pi and has variance less than that of any other unbiased estimate that is a linear combination of the observations. Following in part the notation of Mitchell [1963], we let a i be the "true" (long-term) standard (rootmean-square) deviation of the aij, associated with the ith receiver, and T the true standard deviation of the tj, associated with the transmitter. Variance being defined as the square of a standard deviation, we may for brevity refer to a: as the ith receiver variance and 7 2 as the transmitter variance. Let ui be the true standard deviation of the observations xij at the ith receiver. Then it follows from (1) and the above assumptions that The purpose of further analysis is to estimate a1, a2, . . . CY^, and 7 from the kn observations xij. Let the sample variance of the n observations from the ith receiver be denoted by 
k2
. .+a$.
( 7) Solving (3) and (7) and substituting estimates for true values, we obtain the unbiased estimates &t=sf-.;2(i=l, 2, . . .) A).
(9)
For k = 2, that is, two receivers, the estimates (8) and (9) reduce essentially to Mitchell's estimates [1963] .
The theoretical precisions of the estimates (8) and (9) have been derived under the assumption of independence of the measurements from day to day; it is hoped to include formulas for these precisions in a further paper, along with approximations for the degree of dependence. The precision of &(and of Xi.) would appear in theory to be improved by using all observations available at the ith receiver (including those on days when other receivers provide no data) to calculate sf, but s i can be obtained only by using days common to all receivers.
is in effect included in that of Grubbs [ 19481 for separating measurement errors of several instruments from the product variability which the instruments are measuring.
The above model for separating &i and
Discussion of Results
Mean values. 'The mean fractional differences in frequency recorded at each receiver from both GBR and NBA were calculated for each month and for the entire 18-month period, using all the daily observations. Likewise a grand mean over all months and receivers was found for GBR to be - However, a more refined test of significance of differences of means of the "common" data is possible by means of a two-factor analysis of variance with standards and days as factors, which eliminates the transmitter and common propagation variation (and hence also any autocorrelation due to these) [Gamer, 1946, pp. 543-5461 . This more refined test still neglects the effect of any autocorrelation in individual standards. If this neglect is kept in mind, it is still impressive that all such tests result in significance beyond the 0.1 percent (0.001) probability level.
Hence it is believed that even if any autocorrelation in individual standards is accounted for, the values of Ti. --% will prove to be significantly different from zero. In other words, the observed average differences of standards from their grand mean are concluded to be real systematic differences, though a few standards differ little in pairs, like NOB and NPL.
The reality of the differences between laboratories is further shown by the mean deviations from the grand mean over the years 1959-60 calculated from the data of Essen and Steele [ 19621 and given in the "ES" column of tables 2 and 3. These indicate that systematic differences between many of the laboratories continued over the years 1959 or 1960 through 1962.
The difference in grand mean frequencies received from GBR and NBA from all data reported in the 18-month period, -0.28 parts in 1O1O, is replaced by -0.15 parts in 1O1O when only the "common" (C) data are considered. If a formal Student t test of the difference of two means is made using standard errors derived from (6), the difference -0.28 is found to be significant at the 5 percent probability level, whereas the difference -0.15 is not. Since significance of the differences would be lessened by taking account of the effect of autocorrelation, no significant average difference between the transmitters GBR and NBA is claimed.
The monthly means of "common" data for each laboratory are shown in figures 3 and 4; these figures -- T indicates total data reported; C indicates data common to stations within quarters.
deviations from grand mean (with signs appropriately reversed) calculated from 
ES denotes mean

the definitions in equations (2). (4). and that for
:under equation (6) are understood to be extended to unequal numbers of days, n., for each receiver.
T indicates total data reported; C indicates data common to stations within quarters.
ES denotes mean
show that not only are observations for individual days missing for particular laboratories but even series for entire months or more. The variability of monthly means is visibly greater than that of the 18-month means reported above, but variations in laboratory data common to all laboratories for a given transmitter are apparent. Similar results were given by Mitchell [1963, fig. 41 for the same period for LSRH, NBS, and NPL.
The standard deviations si of tables 2 and 3 are estimates of the u1 of (3). They tend not to vary greatly for a given transmitter because each contains the common variation of the transmitter and common propagation effects. The standard deviation of the common effects, F, is plotted for each quarter and each transmitter in figures 5 and 6. The component standard deviation associated with each receiver, &i, is also similarly plotted. A comparison of &, for each receiver as determined from both the GBR and NBA transmissions is plotted in figure 7 .
The quarterly receiver (local standard) and transmitter (NBA and GBR) standard deviations are all roughly of the same order of magnitude, 1 part in lolo, but there is substantial variation, between transmitters, from receiver to receiver, and from quarter to quarter. Thus the quarterly &i vary from a low of zero to a high of 2.24 (parts in lolo), and the quarterly 4 vary from 0.28 to 1.01 for NBA and from 0.73 to 1.48 for GBK.
Whether these variations are significant, that is, reflect differences among the true values at and T, or are only to be expected statistically in estimates from It is of interest to compare these results with those obtained by Mitchell [1963] The check between the two sets of results is almost complete, to the expected precision. This is not surprising, since essentially the same data for these receivers are used. However, the present analysis should tend to yield a more precise estimate of 7 by virtue of using 5 to 7 receivers for its estimation, tions estimated above essentially unaltered (due to the combination by squares). The mathematical model (1) implies the condition that all daily measurement intervals are simultaneous, whereas the NBS measurements of NBA transmissions were offset 3 hr from all the others. which were simultaneous. An upper bound to the effect of this offset can be derived by assuming that the transmitted fluctuations during the 3-hr offset are uncorrelated with the transmitted fluctuations for which they substitute at the other end of the 24-hr period. The maximum expected effect on ? is to multiply it by the factor [1-l/(8k2)]1'2, where k is the number of receiver stations, so that to correct for the effect one would divide by this factor. Since k is 5 or 6, the maximum effect on $ is 0.25 percent, or 0.002 X for the ? average, a negligible amount. The effect on di varies somewhat with di but is at most 0.43 percent for any iiit average.
As noted earlier, the method used for estimating ai and 7 requires restriction of the data to those measurements common to all stations compared within a given quarter. To estimate the effect of such restriction, a comparison was made of the column (station) variances for both restricted (C) and total reported data (T) of each station for the entire 18-month period for both the GBR and NBA transmissions. These data are plotted in figure 8 , and the square roots or standard deviations are given in tables 2 and 3 for the GBR and NBA data, respectively. As can be seen there is close agreement in all instances except Cruft-GBR; this exception can be attributed to having only three quarters represented in the restricted data. A new estimate of ai, say Ai, was calculated on the basis of the relative increase or decrease of the restricted data in terms of the total reported data for the overall 18-month period. The previously derived transmitter variance estimate, P, was employed i n these calculations. For the NBA data the new ai differed from -5 to + 6 percent from the previous estimate, di.
With the exception of the Cruft data, the new ill for the GBR data differed from -11 to + 3 percent from Bi. The & calculated from the total reported data for the Cruft GBR data was about three times the &i computed from the quarterly restricted data. This new value, however, is much more in line with that computed from the Cruft NBA data. Thus, with the exception of the Cruft GBR data, the restriction to data days common within quarters has no disturbing effect on the estimation of the atomic standard deviations ai. Another factor affecting the estimates of a i and 7 is the elimination of possible variation of mean values from quarter to quarter. Hence, figure 8 includes the &: +? values which werc determined from the averaged quarterly values of af! and ?2 in figures 5 and 6. This sum would equal sf, the column variance for each station based on data days common to all stations within quarters, in accordance with (9), except for the fact that the column variances plotted in figure 8 were obtained for the overall 18-month period and include variability due to differences among the quarterly means. It is therefore seen that the quarterly means contribute appreciable variation in 7 out of the 14 comparisons; the greatest percentage excess of s , ' over ;f+?, occurring for LSRH-NBA, is 60 percent, which _would correspond to 26 percent increase in both &i and ? if their ratio is unchanged, that is, to 0.81 and 0.86 part in lolo. The second greatest percentage increase in 8i and 7 would be 24 percent, for Cruft-NBA. The other estimated changes in Ai and ? due to variability of quarterly means are all increases but range down to a neghgible 0.5 percent.
Possible Future Improvements in VLF
Measurements
One improvement envisioned for VLF phase comparison measurements is the use of the higher-power WWVL (20 kc/s) transmissions (1 to 2 kW radiated power) which commenced from the new NBS Fort Collins Standard Radio Transmitting Site in August 1963 [Richardson, 1964; Blair and Morgan, 19651. , 4 large increase in coverage is anticipated over the lower-power broadcasts so that many more laboratories may be able to measure their standards directly in terms of the USFS.
The periodic adjustment of quartz crystal oscillators at VLF transmitters may cause undesired phase changes in the transmitted signals. Phase changes in the transmitting antenna may also occur due to the effects of the weather and cause changes [Watt-Carter and Corke, 19611 of at least 1 part in lolo. By means of a VHF radio link from the USWFS (United States Working Frequency Standard) to the VLF transmitter and a continuously phase-locked servosystem [Milton et al., 19621 these sources of error have been eliminated from the WWVL broadcasts.
Another improvement in comparing atomic standards, and especially for separating out propagation errors, now appears possible through the use of portable quartz crystal clocks. Their advantages are their low power consumption, small weight and size, reliability, and excellent stability. A 2.5-Mc/s oscillator, with a stability (standard deviation) of a few parts in lo", is employed in an experimental portable clock at NBS. The effects of temperature, vibration, and environmental and voltage changes are being carefully evaluated, so that optimum results may be obtained. Preliminary results obtained with portable clocks are very promising, and further developmental work on them is under way at NBS.
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Note added in proof. A mistake in the calculation of the rms weighted average b? for LSRH using GBR transmissions has been discovered; it shouid be 0.0156 rather than 0.156, resulting in an rms average 6, of 0.12 rather than 0.39 (parts in 103. The change should be made in the abstract, the table on page 911, and the table within figure 5. The apparently considerable change is of doubtful significance because, as stated on page 910, the confidence limits on this a i are about 100 percent above and below the estimate 6,.
In fact the further data for 1%3 and 1964 (502 days) yield 0.43, and when these are combined with the 244 days of data in 1%1 and 1%2, the overall rms average 6, is 0.36.
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